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THE CONTINUOUS PLANE MOTION OF A LIQUID BOUNDED 
BY TWO EIGHT LINES 

Bt Hbnby C. "Woltt 

Thb following paper gives a discussion of the general equation trans- 
forming an infinite strip, of definite width, conformally upon the entire 
plane : the boundaries of the strip become any two non-intersecting lines, 
each extending to infinity in one direction. This general function, of 
which the hyperbolic sine,* the well known function of Helmholtz,t and 
the function recently discussed by Harris, J are special cases, is expressed 
below by equation (10). 

Let us consider a property of the special functions which led to the 
discovery of the general equation. From the equation 



Z — "rr sinh - 

It 



we have 

dZ 



f-f-iL-^ *'-"']• 



Factoring the right-hand aide as the difference of two perfect squares we 
obtain 



Let us write 






thus omitting the last factor of %. 
Integrating we have 

^' = ■^■[6^/*+ ^•e-*/*]. (1) 

• A. B. Forsythe, Theory of Functions of a Complex Variable, Cambridge, 1898, p. 503. 
t H. Ton Relmholtz, Wissenschaflliche Abhandlungen, vol. 1, p. 154. 
JR. A. Harris, On Two-dimensional Fluid Motion tljrough Spouts composed of Two 
Plane Walls, Annals of Mathematics, ser. 2, vol. 2, p. 73; 1902. 

(69) 
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Separating the real and imaginary parts we have 

X' = TT \e^/* cos I + e-^/* sin |"j , 

F' = TT fe^^* sin | + e-«/^ cos ^1 • 

When ?/ = TT, let X and F be represented by -?(■"■) and F(7r) respec- 
tively. Then 

or X'(7r)= r'Cr), 

the equation of a straight line in the Z'-plane. Here X'{ir) has its minimum 
value when ic = 0. 

When y = — •»• we have 






or X'(-7r) =-F'(-'7r), 

the equation of a straight line in the Z'-plane. T^ereX'i— tt) has neither a 
maximum nor a minimum value. 
When y = — Stt we get 






or X'{- 37r)= F'(- Sir). 

Here X'{~ Sv) has its maximum value when a; = 0. 

Thus a strip of width iir between the lines y = -jt and y = — Stt on the 
z-plane is represented conformallj' upon the entire Z'-plane. The line y — it 
is bent at the point x = 0, and the parts on either side are folded together form- 
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ing one half line in the Z'-plane. The line y = — Stt is bent at the point cc = 0, 
and the two parts are folded together forming the second hali' of the same line 
in the Z'-plane. The line y = — tr remains unbroken. Thos we see that the 
transformations 

Z = TT sinh I and Z' = 7r[e*/* + te-*/*] 

are similar, but the strip transformed by the lirst equation is one-half as wide 
as, and coincides with the upper half of, the strip transformed by the second 
equation. In fact, with this object in view, the latter equation could have 
been built up directly from the former. 

Let us now, considering the second variable factor of ^, write 

Integrating, we have 

Z" = 7r[e*/*-ie-*/*]. (2) 

Discussing this in the same way that we discussed Z' we find that it represents 
the strip between the lines y = — tt and y = + Stt in the 2-plane conformally 
upon the entire Z"- plane. 

Now let us note how the functions derived from these three fs transform 
the lines y = ir and y = — ir on the z-plane. That derived from f leaves the 
line y s= — 'TT unbent, while it bends the line y = ir at the point x = 0. That 
derived from ^" does just the opposite ; it leaves the line y = 'ir unbent and 
bends the line y = — tt at the point x = 0. The function corresponding to f 
bends both of these lines at the point x = 0. We may then look upon the 
functions, corresponding to the two factors of ^, as each doing a half of the 
transformation performed by the function from which they were derived. It 
is apparent that if the z in ^' were first changed to z -\- a the transformation 
represented by equation (1) would bend the line y = tt at the point x = — a 
instead of at the point x = ; and if in equation (2) the z were replaced by 
z — a the transformation would bend the line y = — ir at the point x = a in- 
stead of at X = 0. 

Let us now investigate the ti-ansformation effected by a function corre- 
sponding to a C having as factors the f ' and i" with the z changed as indicated 
above. We should then have 



dZ 
dz 



_ f _ ^re(*+«)/4 _ te-(«+»)/*"j feC*— )/4 + ie-(*— )/*! , 
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or 

da 



Integrating, we have 

Z = ^[^^-e-^^y^., (3) 



where K= e-''^ — e-«/"^ = 2 smh ^ • 

Separating the real and imaginary parts, we have 



X = |[e»/^ - e--/^]co8 I - !^y. (4) 

Y = Ip/^ + e-«/» Isin I + ^ a:- (5) 



When y =.fr. 



X(7r)=-^ and r(ir) = ^p^ + e-«/2"]+ !!^a;. 

When y = — IT, 

X(-,r)=^ and F(-,r)= _|[e»/* + e"*^] + !!^x. 

Here ^'(t) has its minimum value when x = ~ a; and Y{— ir) has its max- 
imum value when x = a; that is, the upper edge of the strip on the s-plane 
is bent at the point x = — a and the lower edge at the point x = «, each be- 
coming a vertical line in the new plane extending to infinity in one direction. 
The perpendicular distance between these walls* is rr^IT/i. Introducing a 
multiplier 4/(7rK} in the right-hand side of equation (3) will keep the 
distance between the walls a constant equal to 2ir. The over-lap of the 

two walls is then equal to 

e"+ 1 



2o-4 



e«-l' 



which becomes zero when a = 2.40 • • • . By a proper choice of the a the 
over-lap can be made any desired amount either positive or negative. The 

* The two straight lines on the Z-plane corresponding to the lines y ^v and y = — v on 
the z-plane will be termed the walls. 
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equation corresponding to the line y = is 

X=-i sinh-^. 

The drawing for the case a = 4 is given in figure 1, and for the ease 
a = 1 in figure 2. 

If we differentiate the Hehnholtz equation, we obtain 

^ = f = 1 + 6*= (1 + t«*/^)(l - ie*/*). 




FlO. 1. (< s i, a B 4.) 

Now if we use the first factor only in a new ? we have 
Separating the real and imaginary parts, we have 



X' = »-2e*/*sin 



2' 



(6) 



Y' = y + 2e*/«co8| 
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When y zziir, 

r'(7r)=7r. 

Here X'(7r)has its maximum value when x = 0. 
When y = — TT, 

X'{- tt) = a; + 2«5«/2, 

T'{- tt) = - TT. 




Fig. 2. (« = 1, o = l.) 

Here -3l'(— tt) has neither a maximum nor a minimum value. 
When y = — Stt, 

X'{- Sw) = a; - 2e^'^ 
r'(_ Stt) = - 37r. 

Here -X"'(— Stt) has its maximum value when « = 0. We see that here, as in 
the case of the transformation expressed by the hyj)erbolic sine, the function 
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derived from the first factor of f is similar to the original Helmholtz trans- 
formation. 

If we omit the first factor of ? we have 

-A = r = (i-.-o. 

Z" = z- 2iV/3. (7) 

Here again, as in the case of the transformation expressed by the hyperbolic 
sine, the Z' and the Z" functions may be considered as each performing one 
half of the transformation represented by the original function from which they 
were obtained. 

If the z in ?' were replaced by 2 + «, equation (4) would require that the 
line y = TT be bent at the point x = — a instead of at the point a: = 0. If in 
?" the z were replaced by a — a equation (7) would require that the line 
y = — TT be bent at the point « = a instead of at the point a; = 0. Let us now 
use ?' and 5"". with the z in the former changed to « + «, and the z in the 
latter changed to z — a, as factors of %. We then have 



dZ_ 
dz 



= ? = j 1 + ie(*+«)/«"j fl _ ie(*-«)/2'j= 1 + e* + iK^/^ ; 



Z = z + &> + 2t£V/*. (8) 

Separating the real and imaginary parts and substituting tt and — tt for x, 
we get 

X(-ir) = as - c* - 2K^^, 

Y(W) = TT, 

X(- ir) =x -e' + 2-fie*/«, 
and F(— tt) = — tt. 

Here X(ir) has its maximum value when x = — a, and X(— tt) has its 
maximum value when x = a. The upper and lower edges of the strip on the 
2-plane are bent at the points x = — a and x = + a, respectively, and are 
transformed into two horizontal walls extending to infinity in the same direc- 
tion. One wall protrudes 2a — e-» + e" units beyond the other with a con- 
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stant perpendicular distance, 2ir, between them. By a proper choice of the a 
the protrusion can be made any desired amount. In figure 3 is given the 
drawing for a = 1. 

By differentiating the Ebirris equation* 

^-^['^''-"'-('-^^^"} («) 

where S c S J , 




Fig. 3. (.=0, ami.) 



we obtain 

dz smcTT L J 



smew 



• Harris's equation reduces to this form by the substitutions Z = — , z = z' + loz i-^ • 

IT " 1 — t 
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Omitting the last factor we have 

dz sinTTc L J 

Z' = -J^ fieea-''^/^ - (1 - «) e-'*^l- 
aincTT L J 

By omitting the first factor of ? we have 



^ _ K/ = ^g(l-g) 
dz ~ ~ sineTT 



Z" = zJl r;e<5(i-.)«/2 + (1 _ €)e-«/»l . 
smen- L J 

These functions, Z' and Z" effect transformations similar to the Z"b and 
/J"'s obtained from the hyperbolic sine and the Helmholtz function. Changing 
the z in f to a + a, and in (T" to z — o, and multiplying, we get 

aZ _ Tre(l — e) rg_,(., + .)/2 ^ j-g(i_o(*+.)/u'] rg-.{z-a)/a _ ^-^a _.)(«_. )/a"j 
d« sin €7r L J L J 

sin eir L J 

Z = -J!!— feed—'* - (1 - «)e-« + ^^^^C^ - ^) gd -2. )./!"] + itf+ ;jv, (10) 
sin €7r L 1 — ze J ^ ' 

where J/ = (1 - 2€) f^^^ + 2 - ^T , 

and i\r= 2^r(l - 2e) - -J^^LzJl-']. 

L (1 — 26)sin67rJ 

This is the general equation of transformation. Choosing the additive 
constant, M + liV, in the precise form selected above, gives symmetry with 
respect to the origin in the new plane and keeps the walls within the finite 
part of the plane in the limiting cases when € = 1/2 and e = 0. 

When a = we have as a special case the Harris transformation ; when 
e = we have equation (8) of which the Helmholtz equation is a special case 
when a = ; when e = 1/2 we have equation (3) of which the hyperbolic sine 
is a special case when a = 0. 
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Separating the real and imaginary parts of equation (10) we have 

F= .^ ree<^-'^'^sin(l — e)y + (1 — e)e-'*sincv 
smeirL \ /^ \ 

+ — i_.2e g' ^ ^^ ^ COS — 2 — y +^' (11) 

X= -r^ r€c(i-')*cos(l — €)y — (1 — e)c-**cosev 

_ ?^^iizL!) ea-!^)-/2 8in ^-^ y 1 + M' (12) 

When y = TT, 
X('7r) = JI-!Lreea-«)^ + (1 - e)e-" + 2-g€(l - e) ^(i--2.)x/2l + j/^ (13) 

Y{ir) = TT feed -•)»+( 1 _ e) e—* + ^^^^^ ^ ^^ e'^ - s*)*/*"! + iV. (14) 

Eliminating x between equations (13) and (14) we have 

F(7r) = - X{'ir) tan en- + ilf tan CTT + iV^ (15) 

the equation of a straight line in the Z-plane. 

Here A'(7r) has its maximum when x = — a. When x = — a, let X{'ir) 
and Y{yr) be represented by X{v,— a) and Y{ir, — a) respectively. 

Y (TT, - a) = ,re" [^!^ipj + i\r. (17) 

When y = — IT, 

X(-ir) = -^J!ir€ea-.)*+ (1 _ e)e-«* - ^i^e (1 - e) ^^^_^j^^^l 

^ ' tan ejrL 1— 2€ J ^' 

F(- tt) = - TT r€ea-«)^+ (1 - e)e— ^ - ^^fllzi!lea-20x 21+ jv. (19) 

Eliminating x between equations (18) and (19) we have 

Y{- tt) = X{- 7r)tan en- - ilf tan «r + N, (20) 
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the equation of a straight line in the Z-plane. 

Here JX" (— v) has a maximum when x = a. When x = a, let X(— ir) 
and Y(— •«•) be represented by X{— ir, a) and Y(— ir, a) respectively. 

r(_,,«)=-,e— [i^4^]+jr. (22) 

From equations (16), (17), (21), and (22) we find the length of the 
perpendicular let fall from the end of one wall upon the other to be 

A = —\ 1 — e — ee"' cos ev, 




FIG. 4. (e = J, o = 4.) 



and the protrusion of the second wall beyond the foot of this perpendicular 
to be 

B = JL- [ e"'(l — e - ee-'')cos 267r - e— "(1 — e— ee") 1 • 

(1 — 2€)8ine7rL J 

Then I = cot 2e. - -^f / " ' " f 1 • 

A sm 2e7rLl — e — ee "J 
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By properly choosing o this ratio may be made any desired amount for 
any value of e. Thus we see that equation (10) represents conformally upon 
the entire plane a strip bounded by two parallel straight lines extending to 
infinity in both directions. The boundaries of the strip become any two non- 
intersecting right lines extending each to infinity in one direction. 

Figure 4 represents the case e = 1/4 and a = 4. 

In hydrodynamics this general transformation gives the continuous two- 
dimensional flow of a liquid in the Z-plane, having as boundaries two straight 




FIG. 6. 

lines extending each to infinity in one direction. If the lines y = constant 
are taken as stream lines within the infinite strip of width 2ir on the z-plane, 
the corresponding curves on the new plane represent stream lines passing 
through the opening betvveen the two walls. Similarly, if, in the 2-plane, the 
line y = TT is considered a source, and the line y = — tt a sink, the lines x = 
constant are transformed into stream lines passing* from a rectilinear source to 
a rectilinear sink. 

In figure 5, AB represents one wall held stationary while the second wall 
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is allowed to move about in the plane as a and e vary. . CZ> is a particular 
position of the second wall when at right angles to the first, i. e., e = 1/4. 
As a varies, or as the wall CD moves parallel to itself, the point O will de- 
scribe acurve. Similar curves are drawn also fore =s 0, 1/12, 1/6, 1/3, and 1/2. 

Masisoh, WiacomiK. 



